Chapter 2

Derivatives
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[ Chapter2: DERIVATIVES }

()  Derivative of a function at a point

Definition: The derivative of a function y = f (x) at a point a, denoted by f '(a), is

{f’(a):Lin}) f@rh)-f@ (o f0-f@ ]

h x>a X —a

Provided that the limit exists.

Remark : The value of this limit f '(a), if it exists, represents:

1) the slope of the line tangent to the curve y = f (x) at the point x = a . Hence,
the equation of tangent line for this curve at a point a is given by

—f (a

X —a
2) the instantaneous rate of change, with respect to x, of the function f at a.
Therefore, a positive f '(a) means that the function f is increasing at a, while

a negative f '(a) means that f is decreasing at a. If f'(a) = 0, then f is neither
increasing nor decreasing at a.

Example: Let f(t) =t°>+ 6t, find f '(a) using the definition of differentiation. .

Solution: Since Let f (t) = t° + 6t, then we have

@)= lm f(a+hz—f(a):!m [(a+h)5+6(a;:h)]—[a5+6a]

[a® +5a*h+10a’h* +10a°h® +5ah* + h® + 6a + 6h]—[a° + 6a]

=lim

h—>0 h
_lim 5a*h+10a’h? +10a’h® +5ah* + h° + 6h
"~ ho0 h
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_im h(5a* +10a°h +10a°h” +5ah® + h* + 6)

h—0 h

=lim (5a* +10a°h +10a’h* +5ah® + h* + 6) =5a* + 6

h—0

Example: Let f(x)=+4x*+5 ,find f’(a) using the definition of differentiation.
Write an equation of the line tangentto y =f (x) when a = 1.

Solution:
2 _ 2
f'(a) = lim fa+th)-1(@) _ . J4(@+h)? +5-+4a% +5
h—0 h h—0 h
= Iim J4@+h)’ +5—+4a’ +5 /4(a+h)’+5+4a’ +5
. h Ja(@+h)? +51+4a +5

: 4(a+h)* +5—(4a* +b) . 4a’ +8ah+4h® +5-4a°* -5
=lim =lim

h—0 h(\/4(a+ h)?+5 ++/4a? +5) h—0 h(\/4(a+ h)? +5 ++/4a? +5)

. 8ah + 4h® . 8a+4h
=lim =lim
h-0 h(\/4(a+h)2 +5++/4a +5) h=0 \/4(a+ h)? +5++/4a’ +5

_ 8a +4(0) 8  4a
J4@+0)> +5+4a>+5 2y4a’+5 43’ +5

Ata =1, the point on the curve, (a, f (a)) is (1, 3), and the slope of the tangent line

iy 4 . .
is f')= 3 - Hence, the equation of tangent line becomes

4
-3=—=(x-1
y 3( )

1
Example: Let 1E(X)=\/2—3 , using the definition find f '(a).
X2 +
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Solution:

1 1
2 2
f'(a)=1lim f(a+h)—f(a):"m \/(a"‘h) +3 a?+3
h—0 h h—0 h
1 1
o J@rn?+3 Jai+3 J@rh?+3Vai+3
h—0 h \/(a+h)2+3\/a2—|—3

_ \/a2+3—\/(a+h)2+3
=lim

0 h(/(a+h)’ +3)(a® +3)

Ja?+3-\J(a+h)2+3 Ja?+3+ /(a+h)?+3
=lim '
Oh(J(@a+h)?+3)(Va2+3) Va®+3+4(a+h)?+3
= lim (a’ +3)—(a’ +2ah+h’ +3)

"0 h(y/(a+h)? +3)(\a? +3)(Va2 +3++/(a+h)? +3)
im —2ah—h’

"0 h(/(a+h)? +3)(Va? +3)(Va2 +3+,/(a+h)? +3)
—iim —2a—h

"0 (J(@a+h)?+3)(VaZ +3)(va> +3 +J(a+h)* +3)

2a

(Va? +3)(Wa? +3)(2/a% +3)
!
The Derivative as a function

The derivative of a function of x is another function of x. Up until this point,
derivatives of functions were calculated at some arbitrary, but fixed, point a.
Notice from the previous examples that the expressions obtained can be evaluated
at different values of a. Indeed, we can replace the number a in a derivative by the
variable x in the expression, and represent the derivative as a function of x.

Definition: The derivative of a function f is the function f ', defined by
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f'(x)=Ilim

h—0

f(x+h)— f(x)
h

for all x for which this limit exists. In this case, f ’(x) is called the first derivative
of f(x)

Remark:

1) The domain of f'is the set of all values from the domain of f where the
above limit exists. The process of finding the derivative of f is called
differentiation of f. Geometrically, the value of f '(x) represents the slope of
the line tangent to the curve
y = f (x) at the point (x, f (x)).

2) If ais a number in the domain of f where the derivative exists, then fis said
to be differentiable at a.

3) A function is said to be differentiable on an open interval (a, b) if it is
differentiable at every point in the interval. For closed intervals, the limit
definition of differentiability at an endpoint is replaced by the appropriate

one-sided limit.

Notations: Suppose y = f (x), then its derivative with respect to x, is commonly
denoted by

dy df d
f'(x)=y = _x:&:&f (X) D f(x) = Dy f (x).

d
The symbols ™ and D are called differential operators.

Example: Differentiate f (x) = x3— 7x + 4, using the definition of differentiation.

Solution:
00 —tim FOED =0 [0CHh)® = 70xh) + 4] [x° ~7x+4]
h—0 h h—0 h
_lim [(X® +3x*h+3xh* +h®) = 7x=7h+4]-[x* - 7x+4]
"~ ho0 h
2 2, hd_
~lim 3 h+3Xhh +h™—7h ~lim (3¢ +3xh+h* ~7) =3 7
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Example: Show that f(x)= | x| is not differentiable at x =0 :

Solution: Let x =0 and use the limit definition of derivative,

__|0+h/-|0

lim ————=-1
h—0"

Since the one-sided limits are not equal, the limit does not exist, so

f(x)= | x| is not differentiable at 0.

o o+h-lo
, and m ———-— .

h—0*

Theorem: If f is differentiable at a, then f is continuous at a.
Remark : The converse is not always true. A function can be continuous at a, but

not differentiable at a. For instance, see f (x) = | x|, at x=0. Hence, if fis
differentiable on an interval, then it is continuous on the same interval as wel

(111)_Derivatives of some important real valued functions:

(1) Basic Differentiation Formulas

Here, we give the basic differentiation formulas which are the more important
differentiation rules and will allow us to differentiate a wider variety of functions.
Suppose f and g are differentiable functions, c is any real number, then

1 %(c»:o

d d d

2) G TO0+g()]=— 1)+ 9(x)
d d d

3) G lT—g()]=— T(x) - 9(x)

d d
4) et (l=c (0
d d d
SIT009001= 00 [9001+ 9001 00]=F (9g'x) + g0)f )

_ —90)f 'x)=f (x)g'(x)
[9(¥)] [9 ()T

d d
: i[f(x)}: g(X)&[f(X)]— f(X)&[g(X)]
dx| g(x)
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6) Chain rule: if y=g(t) and t=g(x), then
dy _dy dt
dx dt dx

7)
(2) Derivatives of power functions

The Power Rule: For any real number n,

d n n-1
—(X7)=nx
dx %)

Using the chain rule, we have

=f'0)g'(x)=f (g (x))g’'(x)

du

d ny _ n-1
&([E(X)] )=y &

Example: Differentiate y =2t —t*+t2+9
Solution: y'=2(t3) — (t™) + (t )’ + (9)’

=2(3t) —mt™ 1+ (=2t3)+0
=6t —m -2t

2
Example: Differentiate S(t) =5vt "% + 43/t

Solution: This would be easier to do if we first rewrite s(t) in terms of powers of x.

s(t) =5tY2 —2t ™2 + 4tY3  then

1 . L
s't)=5| 1127 || LT || L6
2 2 3

g 1 =3 =2
=—t2+t24+—-t3
2 3

X% +3x+2

. H 1 f X) =
Example: Differentiate f(X) 312

Solution: Using the properties of differentiation, we have
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—3X+2)(X* +3x+2) = (X* +3x+2)(x* =3x+2)’
(x* —=3x+2)?

fr =&

(x> =3x+2)(2x+3) — (x* +3x+2)(2x—3)
(x> =3x+2)?

_ _ 2x% +3x* —=x+5
Example: Differentiate 9(X) = N

Solution: The easiest way to do this is to rewrite g(x) as

1 5
g(X) =2X+3—=+— then
X X

g'(x)=2(x)"+(3) —(x ) +5(x )’
=2+0— (X ?)+5(-2x )
=2+x 2-10x"®

Example: Differentiate y = \/Q(x2 —5x+2)

Solution: Simplify first: y = x%2 — 5x3/2 + 2x12,

yr:§x3/z_5(§X1/2j+2[lx—uzj
2 2 2

:gxyz_EXuz_'_Xl/z

The longer way to do this is by using the product rule:

Y =X (X2 =5X+2)" + (X2 =5X + 2)(/X)" = VX (2% = 5) + (x? —5x+2)(%x‘”2)
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:Xl/Z (2X_5)+(X2 —5X+2)(%X1/2):2X3/2 _5X1/2 +%X3/2 _gXI/Z +X71/2

5 15 _
:EX3/2 _ vz g2

Example: Suppose the curves y; = x?+ax+b and y, =cx —x? have a common
tangent line at the point (1, 0). Find the constants a, b, and c.

Solution: Both curves have a common point at (1, 0). Therefore, when x =1,
both y-values are 0. Hence, 0=1+a+b and O=c—1. Hencec=1and a
+b=-1.

Sharing a tangent line at (1, 0) means that both curves have the same instantaneous
rate of change when x =1, i.e., yi'(1) =y2'(1).

yi'=2Xx+a = yi'(I)=a+2

y2'=C— 2X = y)'(1)=c—2
Substitute in ¢ = 1 and equate y1'(1) = y2'(1):

yi'(l)=a+2=y))(1)=c—2=-1
Therefore,a=-3,b=2,and c = 1.

(3) Derivatives of Trigonometric functions:

Let Y =sin X. Using the definition of differentiation
. sin(x +h) —sin x
y'= Lim ( )
h—0 h
a-b __a+b :
COS 5 we obtain

.n]ZSm(h/2)0030«+h/2)

Since, sina-sinb=2sin

y'=Lm h
d—sinx = Lim_cos(x +E)-M=COSX
dx h—0 2 h/2

if Y=sinu u=g(x),wehave
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d . du
—sinu =cosu-—
dx dx

Similarly, we

/ d ] du \
—COoSU=-SInu-—
dx dx

d , du
—tanu=sec°u-—

° dx dx
d , du
—cotu =—-cosecu-—
° dx dx
d du
—Secu =secu-tanu-—
° dx dx

d du
—Cc0Secu =—cosecu -cotu-—
& dx dx /

Example: Evaluate y' for each of the following functions:
1) y=sin(2—3x) 2) y=sin®x
3) y=tan*(2x+1) 4) y=x’sec’3x
5) y=xsec*(3+7x) 6) y = (2tan x +sinv/x) ™

Solution:
1) y =-3cos(2-3x)

2) Yy =3sin® xcosx
3) y =4tan’(2x+1)-2sec’(2x +1)
=8tan’(2x +1)sec’(2x +1)

4) y'=x7-2sec3x- %sec(?»x) +[sec(3x)]"- 3%

= 2% sec3x[3sec3x tan 3x |+ 3x*[sec(3x)]
= 3x”sec” 3x(2x tan 3x +1)
5) y' =sec*(3+7x)+28xsec’(3+7X)-sec(3+7X)
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-tan(3+ 7x)

=sec” (3+7x) + 28xsec” (3+ 7x) tan(3+ 7x)

6) y' =-5(2tan x +sinv/x)° -| 2sec’ x + cos/X
24/x

(4) Derivatives of Exponential and Logarithm Functions
First, we deal with the derivatives of logarithm function. Let

Let y =Inx, theny'is given by

y'= Lim In(x +h)—Inx _ Lim iln(x +hj
h—0 h h—0h X
x/h M * x/h
= Lim In{(ﬂnj } =1 Lim In(1+hj
h X X h X
X—)O X—>0
x/h
y’:lln Lim(1+n) :Elne:E
X h X X X

X—>0

If y=Inu and u=g(x), we get by using the chain rule:

d 1 du
—hu==-—
dx u dx
To determine the derivative rule for y =109, X, we use the relation
In x
log, Xx=—-
In a
dihx 1 1
Therefore, we obtain —log, x=——-=—"-.=
dx dxlna Ina x
d 1 1
—log, x=—-~
dx Ina Xx

Example: Evaluate y' for each of the following functions:
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1) y =log, (x* +4) 2)y=h [FENX gy log,, (¢ +)

1-sin x
4) y= In m 5) y = (2 +sec X)tanx
Solution:
Dy'= . i(X2 +4)= 2X
(x* +4)Ina dx (x> +4)Ina
2)y=In 1+ S!n X _ lln(1+sin X) —Eln(l—sin X)
l-sinx 2 2

y’—l- cosx 1 —cosx
2 (I+sinx) 2 (1-sinx)

_cosx( 1 1 j
2 \1+sinx 1-sinx

COSX 2 COSX
— . I ,— =SEecX
2 1-sin“X cos X
~7 3x°
)y = .
)Y IN10 x°+1

4) y=In¥/4+cot3x = % In(4 + cot3x)

Y= 1 —3cosec’3x _ 3cosec’3x
5 4+cot3x 5(4 + cot3x)

5) y =(2+secx )™

Taking natural logarithm function In for both sides of this equation and use
its properties, we get
In y =tan x- In(2+secx)
y' sec x tan x

—=tanx
y 2+Secx

Hence, using Y = (2 +SecC X)tanx we conclude that

, | secxtan® x
2+Secx

+sec’ x-In(2+secx)

+sec” X-In(2 +sec x)}-(z +secx)™™
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Now, we deal with the derivatives of exponential function:

Let y=¢" = X=Iny

= y—=1
y
ny'=y =e”

If Y =e" and u = g(X), we get by using the chain rule:

i d , , du A
—e = e

- dx dx )

Similarly, one can show that
4 d N
—a" =a"-Ina

dx

\ S

Example: Evaluate y' for each of the following functions:

)y=eX 2) y = eCosvX 3) y = cosec2e™*

Solution:
Dery=e¥ =y =2xe*

2)y —COSVX y’:ecos“/x_-(—sin\/x_)-—l
2x

3)--y=cosec2e® = .. y'=—cosec2e® cot2e®* - (6e%)

Example Differentiate each of the following.
)

i

(a) h(z)=- -
[~4z +e7")

(b) I"[}':}=J3y+[:3y+—1y3 }3
(c) }'=lan[.u'3 3x° +]n[;5:~;q}} ,

(d) g(t)=sin’(e"™" +3sin(6t))
Solution

(a) In this case let’s first rewrite the function in a form that will be a little easier to
deal with.
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h(z)=2(4z+e™)

Now, let’s start the derivative.

h'(z)=-20({4z+e™* ]n_I | i[;4z+ e

Let's go ahead and finish this example out.
h(z)=-20(4z+e™) (4-9¢7*)

(b) We’ll not put as many words into this example, but we’re still going to be
careful with this
derivative so make sure you can follow each of the steps here.
]

A 1"'}211[ 2y+(3y+4y’ }3-]—3%[.-2F+ (3y+4y) )

b

Iul—

=l_j[j2}'+ [3 y+ 4y’ }3]

b

[:'3+ 3(3y+4y7) (3+8y)]
1

L(2y+ (3y+4y? ) ) 32+ (94 24y)(3y +4y°) |

)

{¢) y=tan [.'qllj 3x° +]n[;5:{" })

Let’s jump right into this one.
2 5 ¢ d 'x- 5 l ' \
Y =5zﬂ:'[-~..1'3 3x° +In(5x° }}d_' (3x7 )P +In(3x" :
_ . Vx| . )

! i ) _2 KR
ZHECE[.‘EQF??‘l']H[;SXd ]'}. %[33&} P (6x)+ 35[.']; :
h ’ A

s
|

2 i .
= 3};[;3}:3 }_5+i I5ec3[3 3x° +]n[;5x°'})

| = 1
\ X)
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(d) g(t)=sin’(e™ +3sin(6t})
We'll need to be a little careful with this one.
g'(t)=3sin® (™" +3sin (m}}%sjn |~ +3sin(6t))
=3sin’ (e +3sin (6t ) Jcos (€™ +3sin (61}}%[&"' +3sin(6t))
=3sin’ (e +3sin (6t ) Jcos (e +3sin(6t)) (e (~1)+3cos(6t)(6))
= 3[:—&"' +18cos(6t))sin® [:E"' +3sin [6[]}(:05[:&"' +3sin (6t}

(5) Derivatives of inverse trigonometric functions:

First, we find the derivative of Y =arcsinx :=sin™x

) dx
X =siny :>.'.d—:cosy

dy 1

Tdx cosy Ji-sin’y -
29 sintx) = 1 X<1
dx 1—x?

If y=sin""u and u=g(x), we get by using the chain rule:

i(S.in‘lu) = — uj<1
dx 1—u? dx

In a similar fashion, develop the formulas for the derivatives of the other 5 inverse
trig functions:

d § -1 du
&(coslu):ﬂdx u<1
d 3 -1 du
— (cot = -
. dx(CO 1) = 1+u? dx
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d 3 1 du

—(tan"u) = —
. dx( ) 1+u? dx

d 1 1 du

—(Sec "u) = ui>1
* dX( ) u«/uz_ldx ‘ ‘

d A _l dU

—(cosecu) = u=>1
. dX( ) uvu? =1 dx ‘ ‘

Remark:

Alternate Notation
There 15 some alternate notation that is used on occasion to denote the inverse trig functions. This
notation is,

§IN X = arcsin x COS X = Aarccos x

tan X =arctan x cot x=arccot X
58C X = Arcsec x C5C X =Arccscx

Example: Differentiate each of the following functions:
1) y =cos*(tan x) 2) y=(tan* x)* 3) y =In(5+tan~*3x)
Solution:

1
Dy =-— -
)Y NJ1—tan? x

2) y' = 4(tan x)*-

.sec? x

1+ x?

13
(5+tan3x) (L+9x%)

3)y

. dy . .
Remark: Let x =¢(t), y =w(t) be a parametric curve, then d_y IS given by
X
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dy _dy dt__  dy_dy, dx
dx dt dx dx dt dt

Example: Evaluate % for the following parametric function at the point
X
P(9,9):
X =t°+1, y=2t+1
Solution:
X
X =t?41 = X g2
dt
d
Y _»

vy=2+1 > —
g dt

L dy _ dy/ dx 2
S dx  dt dt 3t?
One can show that, at the point P(9,5), we get t = 2. Consequently,
_dy 2| 1
Cdx, 3, 6

w3
dy . : :
Example: Evaluate d— for the following parametric function
y =sin't : X =~1-t?

X
Solution: Differentiating each y and x with respect to t, we obtain

Cy =sin't = ay 1
dt  1-t?

X =4/1-t° :>dx: a
dt  J1-t?

dy _dydx_ 1 W=t 1

Cdx dtodt -tz -t t
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(5) Derivatives of hyperbolic functions and therirs inverse

The set of functions that we’re going to be looking in this section at are the

hyperbolic functions. In many physical situations combinations of €* & e arise

fairly often. Because of this these combinations are given names. There are six

hyperbolic functions and they are defined as follows.

X —X

_ . eX —e
coshx:%(ex+e X) sinhx=1(e*—e™*)  tanhx ==——
e’ +e
1 inh x
sechx = cosechx = — tanh x = _3
coshx’ sinh x’ cothx coshx

Because the hyperbolic functions are defined in terms of exponential, then using

the derivative rule of exponential function, we have

isinh X = il(eX —e )= l(eX +e7*)=coshx
dx 2 2

dx
d .
. —8inh X = coshx
dx
If y =sinhu and u = g(x), we get by using the chain rule:
-.d—sinhu =coshu du
dx dx
Similarly, one can show that
4 d . du )
« —Coshu =sinhu—
dx dx
. d—cothu = —cosech? d_u‘
dx dx
— do >(
. —tanhu =sechu — A
dx dx

d—sech u =-sechu tanhu d_u
dx dx

OI—cosech u =—cosechu coth hu d_u

\_ dx dx Y,
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Now, we are deriving the derivatives rules for the inverse hyperbolic functions:
. : dx
Let y=sinh™ Xx=> x =sinh y:>d—:coshy

dy 1 1 1

dx coshy  l+sinh?x  Vx2+1
If Y =Sinh™ U andU =g (X) , thenwe get

Jdy_ 1 du
”dX «/u2+1dX

Similarly, we obtain the following formulas:

/. d—cosh‘lu: u od—tanh‘1 = u’ \

dx u?-1 dx 1-u?
d u’ d ~ u’

° —COth_lu = — o —SeCh 1u e —
dx 1-u? dx uv1—u?
d u’

., ——cosech™=——r—
dx uvl+u?

\_ J

Here are a couple of quick derivatives using hyperbolic functions.
Example Differentiate each of the following functions.

(a) f| x:}= 2x° cosh x

. sinht
by hit)=
®) ['} t+1

Solution

(a)

f'( x)=10x" cosh x+ 2x° sinh x

(b)
h(t)= (t+ ]:}cm;h?j—sainhl
' (t+1)

Example: Differentiate each of the following functions:
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1) y =sinh(tan * x) 2) y=sech(In secx)

Solution:
1) y’ = cosh(tan® x) - 2 tan x - sec” x
2) y'=-sech(In secx)-tanh(In secx)-w
Secx

Example: Differentiate each of the following functions:

1)y =sinh ™ (tanx) 2)y =(secx )tanh—lx 2

Solution:

1
Dy'=s7—=
Jtan?x +1

2) takingIn for both sides, weget

.sec® X =Ssecx

Iny =tanh™x ?-In(secx)
Y _anh-ty 2, SECX tanx

y Secx

!

+In(secx)-(1 1 4]~2x

, Secx tanx
secx

= y'=y[tanh™x +In(secx)-(1 L 4j.2x]

2 SECX tanX +In(secx)-( 1 4}_2)(]
secx 1-x

To this point we’ve done quite a few derivatives, but they have all been derivatives
of functions

of the form y=f(x). Unfortunately not all the functions that we’re going to look at
will fall into this form.

-1y 2
= (secx )M X [tanh * x

Example: Differentiate each of the following functions:
(@) y =e', t =Insinh™(tanx) (b) xtan'y =y tan"'x
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(a)y =e' &t =Insinh™(tanx)
Insinh~ (tan x ) _ Sinh—l (tan X )

= y=e
sec? x

i+ tan?x
(b) -+ xtany =y tan" X

= o(Ij_x[X tan"y | :dix[y tan x|

[tan‘1 y +X (tan™* y)'] :[y ’+(tan‘1x)'}
4 y' ool | 1
{tan y+x(1+y2)}—[y )]

X 1
"(1- =(tan'y —
y'( 1+y2) ( y 1+X2)

_ 1
_(tanly_l 2)

y’ + X
X
(1_ 2)
1+y
Example Find y' for each of the following.
(a) };3}'5 +3x= 33'3 + 1

(b) x™ tan( y)+ y" sec(x)=2x

(c) e = x = ]nl:::f.}'}}

Solution
(a2) Here is the differentiation of each side for this function.

2.5 2 3.4
3Ty +3=24yTy =Sy

Fa 4

37y +3= [:34}' —-5xy" ]. y

T 5

, 3"y +3
:'.l:-_g. 2 3, A4
24y =5xy
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2 1 10 1
(b) x tan(y)+y sec(x)=2x
We've got two product rules to deal with this time. Here is the derivative of this function.

2xtan(y)+x sec (y)y'+ 10y y'sec(x)+ v sec( x)tan( x) =2

Now, solve for the derivative.

[x*sec®(y)+10y7sec(x))y'=2 L,ec.l[m.}ldnlﬁ.} 2xtan(y)
. 2=y"sec(x)tan(x)=2xtan(y)
X HELE[ +]I:Iu “sec( x)

(c) Here is the derivative of this equation.
}-'3 + 3};}.‘3 }-'r
x}'3

e (243 )= 2x-

Now we need to solve for the derivative and this 1s liable to be somewhat messy. In order to get
the v on one side we'll need to multiply the exponential through the parenthesis and break up

the quotient.

3 3yl v 3xyy
2 ' - A
'}"E": ‘+3}; R e —— ;
Xy Xy
1 3y
2x+3 2x=3 b,
e +3ye T = 2x—————
Xy

[3&3“'3-‘ +3 }"' ]. y =2x- X =27

(5) Higher Order Derivatives:
Here we will introduce the idea of higher order derivatives.

! d ! -
Definition: Lety = f(x) be differentiable function, then Y '= d_i =f'(x) is

called the first derivative of f (X), then we define the following
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2
f"(x)= d f2 = d—[i} : the second derivative of f (x)
dx dx | dx
" d 3f . d " . - - -
f"(x)=—7=—[f"(x)] : thethird derivative of f (x)
dx dx
d*f

dd_x[f "(x)] :  the fourth derivative of f (x)

7"

d'f d .

=— | f ("D(x . the n™ derivative of f (x).
N (x)
Let’s take a look at some examples of higher order derivatives.

fM(x)=

Example Find the first four derivatives for each of the following.
1

(a) R(t)=3t" +8t% +¢
(h) y=cosx
(© f(y)=sin(3y)+e™ +In(Ty)

Solution

(@) R(t) =3t +8t7 + ¢

There really 1sn’t a lot to do here other than do the derivatives.
1

R'(t)=6t+4t  +e'
R'(t)=6-2t 2+¢
5

R"(t)=3t 2 +¢'

R (t)= —gl S

.
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{b) v=cosx

Again, let’s just do some derivatives.

Y =COS X
y' =—sin x
N

V' =—cos X
W

y" =sin x

Y =cosx

(c) Similarly, on can show that
f'(v)=3cos(3y)-2e7" + 1 =3cos(3y)=-2e +y
J . y J

F"(y)==9sin(3y)+4e™ -

il

L ':l*_]'— -27¢c L]HIL?&‘..-} 8&':?+2}--3

Y(y)=81sin(3y)+16e -6y~

Example: Find the second derivative for the following.
x=acost , y=asint , 0<t<rz
Solution: Using the derivative rule for parametric functions, we get
dy dy / dx _ acost
dx dt dt -—asint
d’y d (dy)/ dx cosec’t 1

= —cott

’ ~— =—=cosec’t
dx? dtldt) dt —asint a

Example: Find the second derivative for the following function
y =e*, where k is constant

Solution: Using the derivatives rule for the exponential function, one can show
that
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y :ekx
yr:kekx ’
y”:k2ekx ’

— ym:k3€kx’

U

U

— y (n) _ k ne kx
Example: Find the second derivative for the following function f (X)=sinax

Solution: Using the derivatives rule for the trig function, we get
" f (X)=sinax

~.F'(x)=acosax =asin(ax +%)
=f "(x)=a*cos(ax +%) =a’sin(ax +2%)

=f "(x)=a®cos(ax +%) =a’sin(ax +3%)

f ™ (x)=a"sin(ax +n%)

Example: Find the n" derivative for the following function y =InX and hence
for z =Inx?, where a is constant.

Solution: Using the derivatives rule for the trig function, we get
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Using the properties of logarithm function, we have
-z =Inx?=alnx

_1)I
= 2 —a[lnx]" = (-1 " nl)'
PRACTICES
(1) Find the first derivative for the following functions:
a) y:? b) y = (2sin x—5x)°
¢
C) y=~/2++/x d) y = In In(sin 5x)
e) y =cot(In x) f) y = In(sin vx)
h)y=e™ * i) y =cos™(cotx)
: : 2X COSX
=sin™ k) y=tan™
DY 1+ x° )Y (1+sin xj

(2) Find the first derivative for the following parametric functions:
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1) x=t? , =

) Y=y

2) x=t +% : y=t" +t£”

3) x=3c0sd—cos30 : y =3sin &—sin 30

(3) Find the second derivative for the following parametric functions:
D) x=u’+u , y=u’-u

2) x=acos’t , y =asin’t

3) x=sint—tcost : y =tsint +cost

(4) Find the first derivative for the following implicit functions:

|) X2/3 + y2/3 — a2/3

i) 1+ xy=e*Y
i) In(x+y)+x*+3y°=1
iv) xtan'y=ytan"x

©)If y=sin(In X) +cos(Inx) show that x*y" + xy'+y =0
(6)If y=3C0s2X-+4sin 2X prove that y" =—-4y

(7)Find the n™ derivative for the following functions:

a) y =sin2x b)y = (c) y =cosax

2X +5

- 1 "
(8)Let y=xsin=. Find Y and show that x*y"+y=0
X
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